Schrödinger's equation predicts something very peculiar about the electron in the Hydrogen atom: its total energy must be equal to zero. Unfortunately, an analysis of a zero-energy wavefunction for the electron in the Hydrogen atom has not been attempted in the published literature. This paper provides such an analysis for the first time and uncovers a few interesting facts, including the fact that a "zero-energy wavefunction" is actually a quantized version of the classical wavefunction that has been known for decades.
Introduction:
The principle of mass-energy equivalence normally never comes to mind when the quantummechanical analysis of the hydrogen atom is undertaken. It is well known that by applying Schrödinger's equation to the problem of the electron in the hydrogen atom, the Balmer energy levels are obtained by means of a purely classical (i.e., non relativistic) analysis [1, 2] .
There is, however, a very interesting connection between the problem of the hydrogen atom and the principle of mass-energy equivalence that was previously unexplored. If we write the time-dependent Schrödinger equation
and its solution
where H is the total energy of the moving particle, namely, the electron; we must ask what conclusion can we make if we assume that the electron is in a stable orbit around the nucleus? Obviously, we must assume that the wave function ψ = ψ 0 (i.e., a constant, or stable wave function that does not evolve over time). This, of course, is well known, since the electron's wave function in the hydrogen atom represents a standing wave and has no time dependence. Hence, the conclusion that inevitably emerges in this case is that the total energy of the electron H must be equal to zero everywhere along the path of the electron.
In view of some fundamental research on the principle of mass-energy equivalence that was previously published by the author [3, 4] , this conclusion, as a matter of fact, is not surprising.
In the earlier publications by the author, it was demonstrated that a number of fundamental problems in quantum mechanics cannot be understood on the basis of the relativistic law of mass-energy equivalence, H = mc 2 . The problem of the hydrogen atom is one such
problem. It was further demonstrated that H = mc 2 can be regarded as a special case of a more general law of mass-energy equivalence that does in fact explain that category of problems that the relativistic law fails to explain. That general law is H = mv 2 , where the relativistic constant c 2 has been replaced by v 2 , v being the velocity of the moving particle (see references [3, 4, 5] for a complete historical accounting of the origin and the applications of that law). We shall now proceed to solve the problem of the total energy of the electron in the hydrogen atom and demonstrate that the general mass-energy equivalence law H = mv 2 correlates with and explains the result predicted by Schrödinger's equation. We shall further demonstrate that a new "zero-energy wavefunction" that will be obtained under that law is actually a quantized version of the classical wavefunction that has been known for decades.
2. The law of mass-energy equivalence, and the "zero-energy" wave equation:
It is not difficult to see how the general mass-energy equivalence law H = mv 2 (which, admittedly, may seem strange to the readers who are not familiar with it) correlates with the result predicted by Schrödinger's equation. In the hydrogen atom, the electron is in equilibrium due to the equality of the two forces
where e 2 /r 2 is the Coulomb electrostatic force (here, e 2 = q 2 /4πǫ 0 , where q is the electron's charge), and where mv 2 /r is the centrifugal force. But the electrostatic potential V acting on the electron is equal to −e 2 /r, by definition. From the above equation, it is therefore clear that V = −mv 2 . If we now assume that the total energy of the free electron is given by the quantity +mv 2 , then it must be further clear that the total energy of the bound electron must be equal to zero (due to the addition of the electrostatic potential V ) 1 . This is the classical view according to Bohr's theory. Let us now examine the view according to the Schrödinger Hamiltonian theory.
1 It is to be pointed out that this conclusion concerns the TOTAL ENERGY of the electron. In practice, the atom is observed to emit and absorb energy during bound-state transitions because such transitions involve only kinetic energy and potential energy changes. Mass-energy equivalence obviously does not play a role in electronic bound-state transitions. That is why the present conclusions are not in disagreement with the classical theory or with experimental results.
The classical Schrödinger Hamiltonian is given by
This Hamiltonian represents the sum Kinetic Energy + Potential Energy, and it is the Hamiltonian used to derive the Balmer energy levels and the classical wave function of the electron. If we want to write the Hamiltonian in a manner that takes mass-energy equivalence into account, the Hamiltonian will be written as follows:
where we have replaced the kinetic energy 1/2 mv 2 by the total energy mv 2 . But since the total energy must be equal to zero, then we have the following wave equation
We shall now demonstrate that the wave function ψ 0 that satisfies this zero-energy wave equation is the same as the wave function derived through the classical analysis, with the surprising restriction that the wave function itself must be radially quantized!
The connection between the zero-energy wave equation and the classical wave equation:
For the purpose of comparison, we write the classical equation that is based on the Schrödinger
Hamiltonian together with the new wave equation that incorporates mass-energy equivalence:
where W represents the Balmer energy levels and where V = −e 2 /r is the potential of the nucleus. While the two equations obviously seem to be two very different equations, we shall now demonstrate that the second equation does indeed revert to the first equation if ψ 0 is restricted to be a radially quantized function, rather than a continuous function! We first write the zero-energy equation as follows:
Since the radial distance r takes only quantized values as multiples of the Bohr radius, a =h 2 /me 2 , we substitute for r in the equation by using this quantity, getting,
Dividing both sides of the equation by 2 gives
energy W . That is, we have the result that
Now, by virtue of Eq.(11), the zero-energy wave equation in (7) can be finally written as
This last equation is of course the classical wave equation.
If we decompose the zero-energy wave equation into its radial and spherical-harmonic components, it becomes a simple matter to verify that the classical unnormalized wave function
will indeed satisfy the radial wave equation at r = na, or integer multiples of the Bohr radius (see the proof in the Appendix). The fact that the classical wave function satisfies the zero-energy wave equation at multiples of the Bohr radius can be understood physically as follows: the classical wave function is a continuous, differentiable function that defines the boundary of a space that theoretically extends from r = 0 to r = ∞ (see the plot in Fig. 1 ). The solution of the zero-energy wave equation, on the other hand, is a discrete, sparse set in r that is defined only at integer multiples of the Bohr radius (see figure) . This discrete function therefore inhabits the space defined by the classical wave function (a simple analogy might be a wave in a plastic sheet on top of which tiny droplets of mercury always flow to the minimum of that wave, as if the wave was a "potential well"). This is not a surprise, since, as was concluded earlier, the total energy of the electron is equal to zero at multiples of the Bohr radius. The discrete solution, therefore, is indeed a solution in which the minimum energy principle is manifested; as opposed to the classical solution in which only the kinetic and potential energies are accounted for. To solve Eq.(6) for ψ 0 , we must replace the operator ∇ 2 by its equivalent expression in spherical coordinates, and substitute for the potential V by the traditional quantity −e 2 /r.
The process of replacing ∇ 2 in Eq.(6) by its equivalent expression in spherical coordinates is well known in the literature [1, 2] , and we simply write the result:
Here, ψ 0 (r) is the radial component of ψ 0 and l is the orbital quantum number. Typically, a second equation is needed to solve for the spherical-harmonic component of ψ 0 , but since this solution is well known in the literature it will not be discussed here. The usual approach for solving Eq. (14) is to let the product rψ 0 (r) be equal to another function, say Γ(r). Eq. (14) is then rewritten as
In the classical solution, the Balmer series for hydrogen is obtained by simply setting l = 0.
While the above equation cannot be solved for the Balmer energy, setting l = 0 results in
We now note that the quantityh 2 /me 2 represents the Bohr radius, a. We shall follow however the standard procedure of replacing a by na, where n is the principal quantum number. We replaced by an integer multiple of the Bohr radius, or na.
